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Abstract

Some computers pro vide an instruction to �nd the index of a 1 in a computer w ord,

but man y do not. This pap er pro vides a fast and no v el algorithm based on de Bruijn

sequences to solv e this problem. The algorithm in v olv es little more than an in teger

m ultiply and a lo okup in a small table. W e compare the p erformance of our algorithm

with other p opular strategies that use table lo okups or 
oating-p oin t con v ersion.

1 In tro duction

Man y applications that use one-w ord bit v ectors require the abilit y to �nd the binary index

of a 1 in a w ord. F or example, some computers set a bit in an in terrupt mask when an

in terrupt o ccurs, and the in terrupt handler m ust determine whic h bit is set in order to

prop erly v ector the in terrupt. Man y c hess programs represen t the pieces of a giv en t yp e as

a 64-bit w ord, eac h bit of whic h indicates the presence or absence of the piece t yp e on a

particular square of the c hessb oard [5 ]. T o determine whic h square a piece o ccupies as a

ro w/column index, the index of a 1 bit m ust b e determined.

T o illustrate this indexing problem, supp ose an 8-bit w ord con tains 00100010 . This

w ord con tains 1 's in p ositions 1 and 5, where w e coun t from the lo w-order (righ tmost) bit.

The problem is to pro vide a fast algorithm that giv en suc h a w ord, outputs either 1 or 5

in binary . Some computers pro vide instructions FF O (Find First One) or FLO (Find Last

One) to �nd the index of the high-order or lo w-order 1 in a computer w ord [4 ]. Man y

instruction sets do not con tain suc h instructions, ho w ev er, and th us it is up to a compiler

writer or assem bly-language programmer to syn thesize the indexing op eration.
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The opp osite problem, that of taking an index of a bit and outputting a w ord with a 1 set in that

p osition, can b e done with a left shift op eration.
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The remainder of this pap er is organized as follo ws. Section 2 describ es the deBr uijn

algorithm. Section 3 compares the deBr uijn algorithm with other strategies for indexing

a 1 in a computer w ord. Section 4 prop oses an extension of the deBr uijn algorithm to

indexing m ultiple 1 bits. Finally , Section 5 pro vides some concluding remarks.

2 The deBruijn algorithm

This section describ es our deBr uijn strategy for indexing a 1 in a computer w ord. W e giv e

three k ey ideas whic h, tak en together, pro vide an e�cien t implemen tation for this problem.

Idea #1: Isolate a 1 .

W e �rst reduce the problem of �nding a 1 in an arbitrary w ord to that of �nding a 1 in a w ord

that con tains exactly one 1 . If the (nonzero) input w ord is x , w e compute y = x & (-x)

(\ & " is C syn tax for bit wise AND), whic h pro duces a w ord y ha ving a 1 in the p osition of

the lo w-order 1 of x . F or example, if x = 01101000 , then the t w o's complemen t of x is

-x = 10011000 , and th us y = 00001000 . T o index all the 1 's in a w ord, w e can compute

x - y , thereb y remo ving the bit already indexed, and rep eat the pro cess.

This strategy for isolating a 1 app ears to b e folk kno wledge. It is fast on con temp orary

mac hines, b ecause the bit wise AND and t w o's complemen t are register op erations that can

b e accomplished in a single mac hine cycle.

Idea #2: Hashing.

W e are no w left with the problem of indexing the 1 in a w ord that con tains exactly one 1 .

F or an n -bit w ord, there are exactly n p ossible w ords con taining exactly one 1 . Since n is

small, w e can use another tric k from algorithms: hashing. W e use a p erfect hash function

h to map eac h of the single- 1 w ords to a hash table. Then, giv en a single- 1 w ord x , w e lo ok

up h ( x ) in the hash table where the index of the 1 bit is stored. F or this strategy to w ork

e�cien tly , ho w ev er, w e need

� the hash table to b e small,

� the hash function to b e easily computable, and

� the hash function to pro duce no collisions, i.e., no t w o single- 1 w ords x and y should

pro duce hash v alues suc h that h ( x ) = h ( y ).

Idea #3: de Bruijn sequences.

The �nal idea uses de Bruijn sequences [3] to satisfy all three criteria. The size of the hash

table is exactly n , the minim um p ossible. The hash function is a t ypical m ultiplicativ e hash

function [2 , pp. 228{229] that in v olv es a single unsigned in teger m ultiplication of the k ey

b y a \de Bruijn" constan t. Surprisingly , no t w o single- 1 w ords hash to the same lo cation.

Let us brie
y review de Bruijn sequences b efore seeing ho w they are used in this ap-

plication. A length- n de Bruijn se quenc e , where n is an exact p o w er of 2, is a cyclic
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sequence of n 0 's and 1 's suc h that ev ery 0 - 1 sequence of length lg n o ccurs exactly once

as a con tiguous substring.
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F or example, a length-8 de Bruijn sequence is 00011101 . Eac h

3-bit n um b er o ccurs exactly once as a con tiguous substring: starting from the leftmost 3

bits and mo ving a 3-bit windo w righ t one bit at a time, w e ha v e 000 , 001 , 011 , 111 , 110 ,

101 , 010 (wrapping around), and �nally , 100 (also wrapping around).

The hash function is computed b y

h ( x ) = ( x * deBruijn ) >> ( n � lg n )

where \ >> " denotes a logical righ t shift; m ultiplication is p erformed mo dulo 2

n

, meaning

that the high-order bits of the pro duct are thro wn a w a y; and debruijn is a computer

w ord whose bit pattern con tains a length- n de Bruijn sequence b eginning with lg n 0 's. F or

example, for an 8-bit w ord, w e migh t ha v e debruijn = 00011101 , although an y other de

Bruijn sequence starting with 3 0 's, suc h as 00010111 , w ould w ork equally w ell.
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F or the

hash function using debruijn = 00011101 , the table indexed b y the hash function is the

follo wing:

h ( x ) Index

000 0

001 1

010 6

011 2

100 7

101 5

110 4

111 3

Here, w e ha v e used the 3-bit binary n um b er pro duced b y the hash function on the left and

the decimal n um b er stored in the table on the righ t.

T o illustrate ho w the hash function w orks, consider the input 00010000 . W e m ultiply

b y 00011101 , pro ducing the 16-bit pro duct 0000000111010000 , of whic h only the lo w-order

8 bits 11010000 are retained. W e shift this w ord righ t b y 8 � 3 = 5 bit p ositions, pro ducing

the v alue 110 . W e index the table, pro ducing the v alue 4 as the index of the 1 .

What is going on? The single- 1 w ords are all p o w ers of 2. Multiplying b y a p o w er of

2 is equiv alen t to a shift. If the input to the hash function has a bit on in p osition i , then

the m ultiplication causes debruijn to b e shifted left b y i p ositions. Eac h of the n p ossible

shifts causes the top lg n bits of the resulting n -bit w ord to tak e on a distinct v alue. Shifting

these lg n bits in to the lo w-order bits of the w ord allo ws us to index the table mapping the

\de Bruijn index" in to the normal index. Indeed, for some applications, an y index of bit

p osition w orks as w ell as the normal n um b ering sc heme, in whic h case the de Bruijn index

h ( x ) itself can b e used, sa ving the additional exp ense of indexing a table.

Figure 1 giv es a 32-bit C implemen tation of the deBr uijn strategy .
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2
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#define debruijn32 0x077CB531UL

/* debruijn32 = 0000 0111 0111 1100 1011 0101 0011 0001 */

/* table to convert debruijn index to standard index */

int index32[32];

/* routine to initialize index32 */

void setup( void )

{

int i;

for(i=0; i<32; i++)

index32[ (debruijn32 << i) >> 27 ] = i;

}

/* compute index of rightmost 1 */

int rightmost_index( unsigned long b )

{

b &= -b;

b *= debruijn32;

b >>= 27;

return index32[b];

}

Figure 1: 32-bit C implemen tation of the deBr uijn strategy .

3 Empirical results

The exp ensiv e op erations in the deBr uijn sc heme are the in teger m ultiplication, whic h is

surprisingly slo w on man y con temp orary mac hines, and the table lo okup, b ecause op erations

on memory are slo w compared with register op erations. Nev ertheless, our exp erimen ts

ha v e determined that the deBr uijn sc heme is often faster than or comp etitiv e with other

indexing metho ds on man y mac hines. This section pro vides an empirical comparison of the

deBr uijn sc heme with other common metho ds for indexing a 1 in a computer w ord.

The fastest indexing metho d, whic h w e call the Na tive metho d, computes the index

in hardw are. This metho d is not a v ailable on man y computer, ho w ev er. Th us, most of our

comparisons are with soft w are-based algorithms.

One p opular soft w are algorithm, whic h w e call flo a t , treats the input w ord as an

unsigned in teger and con v erts it in to a 
oating-p oin t n um b er. Then, the index of the �rst 1

can b e found b y masking o� the exp onen t. Since man y mac hines pro vide in teger-to-
oating-

p oin t con v ersion as a single instruction, this metho d can b e quite fast.

Another common strategy is to use a table lo okup. Unfortunately , a naiv e table-driv en

strategy do es not w ork w ell b ecause there m ust b e 2

n

en tries in the table to handle ev ery

p ossible con�guration of bit settings in a w ord. F or n = 64, the table w ould b e prohibitiv ely

large. By using the divide-and-conquer paradigm, ho w ev er, this metho d can b e made to

w ork e�ectiv ely .

The lookup strategy w e used in our comparisons w orks as follo ws. W e �rst isolate a 1 in

the computer w ord, and then test whether the upp er half is zero. If it is zero, w e recursiv ely

index the lo w er half of the w ord, and if it is nonzero, w e recursiv ely index the upp er half of
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Machine lookup16 lookup4 flo a t deBr uijn na tive

UltraSP AR C I I 7.2 13.5 24.1 10.5 N/A

Alpha 21164 6.6 9.9 8.9 7.9 N/A

P en tium I I 7.7 13.7 31.4 6.4 2.2

R10000 4.0 8.3 6.0 2.5 N/A

Figure 2: Comparison of 32-bit implemen tations. Times are rep orted in pro cessor cycles for eac h

of the arc hitectures.

the w ord. W e terminate the recursion when the remaining p ortion that needs to b e indexed

is su�cien tly small that table lo okup can b e p erformed easily . This strategy con tains no

long-latency instructions, but it can nev ertheless b e slo w, b ecause the branc hes used in the

recursion cannot b e easily predicted b y the branc h-prediction hardw are in con temp orary

computers.

W e compared the 32-bit implemen tation of deBr uijn from Figure 1 with go o d imple-

men tations of the lookup and flo a t strategies. W e tested t w o implemen tations of the

lookup strategy: lookup16 , whic h uses a table with 2

16

en tries (256K b ytes) and 16-bit

k eys; and lookup4 , whic h uses a table with 16 en tries and 4-bit k eys. (The deBr uijn

strategy itself uses a table with 32 en tries and 5-bit k eys.) W e implemen ted the algorithms

in C, and where necessary in assem bly language, on four mac hines: a 167-MHz Sun Ultra-

SP AR C I I [10 ], a 300-Mhz P en tium I I [7 , 8 ], a 466-MHz Alpha 21164

4

[4], and a 194-MHz

R10000. The results are tabulated in Figure 2.

T o compare the strategies w e measured the a v erage n um b er of clo c k cycles to �nd the

index of a 1 in a circular shifted test n um b er with sev en 1 bits. W e did not use random

n um b ers, since the n um b er of bits set to 1 is lik ely to b e half the w ord size, thereb y making

the branc hes in the lookup strategy more predictable than they w ould b e for sparsely

p opulated input w ords, whic h are common in most applications. Although the results

tended to v ary from one run to the next, the relativ e n um b ers rep orted in Figure 2 are

reasonably consisten t.

As can b e seen from the �gure, the deBr uijn strategy is a go o d metho d on all four

platforms. The lookup16 metho d outp erforms it on the UltraSP AR C and Alpha, but

lookup16 requires a 256K-b yte table, whic h for man y applications w ould b e prohibitiv ely

large. By c ho osing shorter k eys, suc h as 4-bit k eys for the lookup4 metho d, this table

could b e made smaller, but p erformance w ould su�er.

W e also compared 64-bit implemen tations. Since 32-bit m ultipications tend to b e fast

compared to 64-bit m ultiplications on some mac hines, w e implemen ted a mo di�cation of

the 64-bit deBr uijn strategy that w e call half-deBr uijn . After extracting a single 1 bit,

w e determine whic h half-w ord con tains the 1 , and then use the 32-bit deBr uijn algorithm

on that half-w ord. The exp ensiv e op erations for this strategy are one 32-bit m utliplication,

one table lo okup, and one (unpredictable) branc h. W e compare these strategies with the

flo a t metho d describ ed ab o v e and a lookup strategy that uses a table with 2

16

en tries

and 16-bit k eys. The comparisons of the v arious strategies are sho wn in Figure 3.

As can b e seen from the �gure, either the deBr uijn or the half-deBr uijn algorithm

4
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Machine lookup flo a t deBr uijn half-deBr uijn

UltraSP AR C I I 15.6 16.9 25.5 13.7

Alpha 21164 14.4 19.1 21.0 18.1

P en tium I I 35.4 56.2 32.2 26.6

R10000 8.0 8.1 6.6 8.0

Figure 3: Comparison of 64-bit implemen tations. Times are rep orted in pro cessor cycles for eac h

of the arc hitectures.

is fastest on three of four arc hitectures for the 64-bit indexing problem. The crucial issue

seems to b e the sp eed of 64-bit m ultiplication on these mac hines. In the full pap er, w e shall

attempt to break do wn the p erformance �gures.

4 Indexing t w o 1 's

W e ha v e in v estigated whether our indexing strategy can b e extended to indexing the 1 's

in w ords with at most t w o 1 's. F or example, a c hess program migh t use this metho d to

determine the p ositions of the t w o White Knigh ts in a 64-bit represen tation of a c hessb oard.

Although w e ha v e found no general theory for indexing m ultiple bits, w e ha v e made some

empirical progress. This section describ es our algorithm for indexing double- 1 w ords and

compares it to a lo okup-based strategy .

F or a computer w ord with t w o 1 's, w e can apply the deBr uijn strategy t wice, whic h

appro ximately doubles the cost. Can w e index the t w o 1 's with less w ork? There are

�

n

2

�

+ n + 1 p ossible n -bit w ords with at most t w o 1 's set. Is there a hash function that

w ould allo w us to index the 1 's with only a single m ultiplication and table lo okup on a table

not m uc h larger than

�

n

2

�

+ n + 1?

W e ha v e written a Cilk [1 , 6] parallel bac ktrac king program to searc h for a hashing

constan t that could b e used in a m ultiplicativ e hash function to index t w o or few er bits.

The k ey observ ation used b y the algorithm is that the hash v alue of an input w ord whose s

lo w-order bits are all zero dep ends only on the lo w-order n � s bits of the hashing constan t.

In eac h step the algorithm tries to extend the n � s lo w-order bits of the hash constan t to

n � s + 1 bits. If an y of the input w ords with s � 1 zero lo w-order bits collide, the searc h

ab orts and bac ktrac ks. The smallest table w e found with this metho d for 64 bits con tains

2

15

en tries, whic h is 16 times larger than the optimal table with sligh tly more than 2

11

en tries.

Our searc h yielded the follo wing hash function, whic h maps all 64-bit n um b ers with at

most t w o 1 's in to a table with 32706 en tries:

h ( x ) = ( x * E50F A91B E3A2 5401

16

) >> 49

W e implemen ted the deBr uijn2bit metho d on the four reference arc hitectures and

compared it to a strategy w e call lookup2bit that uses the 64-bit lookup metho d t wice.

(Recall that lookup uses a table of 2

16

en tries and 16-bit k eys.) Our results are tabulated

in Figure 4. Compared to the lookup2bit strategy , whic h needs t w o memory lo okups and

has t w o unpredictable branc hes, deBr uijn2bit p erforms only one m ultiplication and one
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Machine lookup2bit deBr uijn2bit

UltraSP AR C I I 52.2 38.0

Alpha 21164 30.9 26.8

P en tium I I 148.7 53.1

R10000 79.3 21.7

Figure 4: Comparison of 64-bit implemen tations for indexing t w o bits. Times are rep orted in

pro cessor cycles for eac h of the arc hitectures.

memory lo okup. It is not only faster than lookup2bit on all the arc hitectures tested, it

also needs only half the memory to store its hash table.

5 Conclusion

The deBr uijn metho d seems to b e a go o d tric k for the bit-t widdling arsenal. W e exp ect

that tec hnology will driv e hardw are implemen tations of in teger m ultiplication to get faster

(b ecause of the hea vy use of in teger m ultiplication in cryptograph y and data compres-

sion [9 ]). Consequen tly , w e can exp ect that the deBr uijn metho d will outp erform other

soft w are implemen tations b y increasing margins. On the other hand, it is also p ossible that

direct hardw are supp ort for indexing 1 's will increasingly b e pro vided, ob viating the need

for soft w are implemen tations.

W e w ere unable to �nd a go o d theory for indexing sparse, m ultiple- 1 bit computer w ords.

P erhaps with more theoretical insigh t a practical hashing strategy can b e found.
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